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Abstract 
l I( 
Abrasive water jet (A WJ) machining has demonstrated a tremendous ability to cut 
virtually any material. Due to increases in process capabilities, abrasive water jets are 
~ 
replacing traditional methods for a wide range of applications Although fundamental research 
_ has brought about great improvements in the abrasive water jet, the physics behind the 
material removal process is not fully understood. 
Recently, much effort has been concentrated into the understanding of the distribution 
of abrasive particles in the jet stream of an abrasive water jet and the depth of cut predictions 
for given system parameters. By definition, the mixing of particles into the high velocity jet 
stream is a random process. Most research has examined the distribution through the study 
of the particle impact density; however, the actual distribution of a small number of particles 
has not been characterized. The objective of this research is to develop a model for the 
dispersion of abrasive particles in the jet stream of an abrasive water jet and apply this model 
to a numerical simulation of the material removal associated with the abrasive water jet 
process. 
In order to characterize the particle dispersion, the distribution of impact craters from a 
small number of particles is measured experimentally. The location of impact craters is 
measured as the response for different abrasive water jet parameters. The actual crater 
distribution is measured with the help of a scanning electron microscope and digital 
planimeter. The results of the empirical data are then characterized using spatial point 
statistics and particle dispersion measures in order to develop a representative model. The 
entrainment of particles into the jet stream was found to be spatially random with respect to 
the impact craters on the target material. No experimental parameters were found to play a 
significant role on the particle distribution. 
Once characterized and a numerical model is developed to simulate the impact center 
of the particles on a work piece, it is then possible to calculate the volume of material eroded 
due to impacting particles through the application of solid particle erosion models. These 
erosion models are based on two cutting modes, cutting and deformation wear, which are 
incorporated into the simulation through the numerical approximation of the angle of particle 
impact with the target material. The simulation incorporates particle velocity, nozzle diameter, 
1 
angle of particle impact, stand-off distance, traverse rate, abrasive flow rate, abrasive particle 
size, abrasive material, and target material. The correlation coefficient between the simulation 
and experimental results is greater than 0.88 and allows for off-line feasibility and 
optimization studies of the process for various applications. Ultimately, improvements in the 
model could allow for the accurate control of three dimensional abrasive water jet machining. 
2 
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1. Abrasive Water Jets 
1.1 Process Principles 
The newest addition to the family of non-traditional machining processes is the 
abrasive water jet machining. Although high-velocity water jets were available as industrial 
cutting tools since the early 1970's, commercial abrasive water jet systems were not 
introduced until 1983. The advantage of the abrasive water jet technique over other 
machining processes is that the abrasive water jet is suitable not only for conventional 
engineering materials such as metals and glass, but also for newly developed materials such 
as ceramics, ceramic composites, metal-matrix composites, laminates, high-strength materials 
and fiber reinforced resin composites [1]. Many of these materials have the characteristics of 
.,, 
being both hard and tough, which makes them difficult to machine by conventional 
processes. However, the abrasive water jet process relies on the erosive action of an 
abrasive-laden water jet which allows it to cut very hard materials. 
1. 2 System Components 
The abrasive water jet system consists of five basic components which are common to 
all systems. These components are: 
• pumping system • traverse system 
• abrasive feed system • catcher. 
• abrasive jet nozzle 
The catcher and traverse system are modified depending on the specific applications. 
1.2.1 Pumping System 
The function of the pumping system is to produce a high-velocity water jet that will 
ultimately transfer its momentum to the abrasives [2]. Figure 1.1 shows a schematic of a 
typical water jet pumping unit. In operation, oil is drawn from a reservoir and pumped to a 
device known as an intensifier. The intensifier uses the relatively low-pressure oil to generate 
extremely high-pressure water. The intensifier, acting as a very high-pressure pump, 
increases the pressure ratio between the low-pressure oil and the high-pressure water up to 
forty times. The magnitude of the increase in the pressure ratio is determined by the 
3 
relationship between the oil piston/water piston areas. The resulting water pressure on the 
small area of the water piston is high to balance the oil pressure acting on the large area of the 
oil piston. Adjustment of the high-pressure water is easily controlled by regulating the low-
pressure oil. Water is pressurized to as· much as 415 MPa (60,000 psi) by means of an 
intensifier. Typical water flow rates and power levels used in an abrasive water jet machining 
are respectively 0.1 liter/sand 40 kW [1]. 
----------------
------------. 
flexible arm 
t t 
intensifier _.. 
Iii! __. t -----..... 
------:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::: I 
water 
electric motor 
----------------
------------· 
water jet pumping unit 
to drain 
Figure 1.1 Schematic Diagram of a Basic Abrasive Water Jet System. 
1.2.2 Abrasive Feed System 
on-off 
valve 
nozzle 
The abrasive feed system consists of a storage hopper, a control valve and a feed 
tube. For uniform-cutting action to occur, a precise flow of abrasive particles must be 
delivered to the abrasive water jet nozzle. An abrasive feed rate of up to 10 g/s is typical with 
standard abrasive mesh sizes of 60 to 150 [l]. Typical abrasive materials used in abrasive 
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water jet cutting applications are: 
• garnet 
• silica sand 
• aluminum oxide 
• silicon carbide 
1.2.3 Abrasive Jet Nozzle 
high pressure 
water tube 
mixing tube 
• steel grit 
• copper slag 
• glass beads 
abrasive 
port 
nozzle 
orifice 
water jet 
· abrasive water jet 
Figure 1.2 Abrasive Water Jet Nozzle. 
The purpose of the abrasive jet nozzle is to form the actual abrasive slurry as shown in 
Figure 1.2. Pressurized water is expelled through a sapphire orifice to form a coheren
t, high-
velocity water jet [3]. The momentum transfer then takes place when the water jet and a 
stream of abrasive particles are introduced into a mixing and accelerating tub
e. The 
momentum transfer is a very complex process which is a function of the dynamic sta
bility of 
the water jet and the hydrodynamic drag forces imposed by the water phase on the solid 
particles [1]. To minimize wear, the tube is constructed of a very hard material such as 
tungsten carbide or boron carbide. 
The result of the momentum transfer between the high-velocity water and the particles
 
is a focused, high-velocity stream of abrasives which exits the accelerator nozzle to 
perform 
-,....__, 5 
,,, 
the cutting. The removal of material is a result of erosion, shearing, failure under rapidly 
changing localized stress fields, or micro-machining effects, depending upon the specific 
properties of the target material [4]. The material removal rate is dependent on the levels of 
the process parameters. These parameter effects are discussed in section 1.3. 
1.2.4 Traverse System and Catcher 
The type of traverse system and catcher used depends on the specific applications of 
the abrasive water jet system. The type of traverse system depends on the complexity and 
accuracy of the application. Typical devices range from a multi-axis robot to a simple 
manually manipulated unit. The primary rol~ of the catcher is the absorption of the remaining 
energy from the abrasive water jet and the reduction of noise in the work environment. 
Typical catchers consist of stationary tanks or ball-filled catchers for more automated 
processes. 
1. 3 Process Parameters 
The significant parameters involved in the abrasive water jet process are given in Table 
1.1. 
Hydraulic Parameters 
• supply pressure (P) 
• water jet orifice diameter (dn) 
Abrasive Parameters 
• size (dp) 
• flow rate (ma) 
• feed method 
force feed (or) suction 
• abrasive condition 
dry (or) slurry 
• material 
Mixing Nozzle Parameters 
• mixing chamber diameter (Im) 
• mixing tube length ( dm) 
Traverse Parameters 
• traverse rate (u) 
• number of passes (N) 
• stand-off distance (X) 
• angle of cutting (a) 
Table 1.1 Process Parameters. 
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1. 3 .1 Hydraulic Parameters 
The general trend of the effect of the pressure on depth of cut is shown in Figure 1.3
. 
The supply pressure affects the process by playing the primary role in determin
ing the 
abrasive particle velocity. Pressures can be as high as 415 MPa (60,000 psi), but more 
common operating conditions are 172-275 MPa (25,000-40,000 psi) [2]. It is generally 
noticed that the relationship between pressure and depth of cut is approximately li
near. It 
should also be noted that a minimal critical threshold pressure exists, which is define
d as the 
minimum pressure required to cut material. 
The water jet orifice diameter affects the depth of cut of the process by controlling the 
water flow rate. Figure 1.4 illustrates this principle. As the water flow rate incre
ases, the 
rate of increase for the depth of cut decreases. A possible explanation for this is tha
t excess 
amounts of water interfere with the acceleration and cutting process; thus, the particle 
velocity 
is reduced which in turn reduces the amount of material removed. It should also be no
ted that 
the smaller the water flow rate, the lower is the energy requirements for the process. 
..... critical 
8 pressure 
~ range 0 
£ I 
~ ...,, (1) 
0 Pc I 
Water Jet Pressure 
Figure 1.3 
Pressure Versus Depth of Cut. 
..... 
8 
~ 
0 
£ 
~ (1) 
0 
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Flow Rate 
Figure 1.4 
Flow Rate Versus Depth of Cut. 
·.::;. 
1.3 .2 Abrasive Parameters 
The abrasive parameters affect the mixing process of the abrasive water jet as well as 
have a direct influence on the erosion phenomena. Presently, there is no existing erosion
 
theory that explains the role of particle size in volume of material removed. The curren
t 
models assume particles of equal mass will erode equal volumes of material. However, it ha
s 
been shown experimentally that an optimum particle size exists. Typically, medium-siz
e 
abrasives are found to be more effective than both fine (mesh 100 and finer) and coarse (mesh 
16 and coarser) abrasives. 
Increasing the abrasive flow rate will increase the number of impacts on the target 
material, which will increase the depth of cut or cutting speed of the process. Generally, thi
s 
relationship is linear. However, a large abrasive flow rate will cause secondary impacts in th
e 
mixing chamber which will decrea';e the particle velocity significantly. Thus, as illustrated i
n 
Figure 1.5, an optimum abra';ive flow rate exists for a given operating condition. 
Abrasive Flow Rate (ma) 
Figure 1.5 Abrasive Flow Rate Versus Depth of Cut. 
The abrasive parameters for feed method and abrasive condition influence the 
efficiency of the mixing process and momentum transfer between the particles and the high
 
velocity water jet. The formation of an abrasive slurry is the most effective method for 
cutting due to the high particle power density; however, reliable high-pressure system
 
components need to be developed [1]. The use of a liquid to carry the abrasives to the nozzle 
is not as efficient as a dry abrasive due to the loss of efficiency in the abrasive jet nozzle 
resulting from the increased mass of the carrier liquid [2]. 
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The type of abrasive material used is also an important parameter. Selection of the 
abrasive material is usually determined by the material that is being cut. The harder the 
material, the harder the abrasive particles should be. However, cost is also a factor in the 
selection of abrasive particles. Therefore, a less effective but significantly cheaper abrasive 
may provide a greater overall process efficiency than a more effective more expensive 
abra~ive material. 
1.3 .3 Mixing Nozzle Parameters 
The mixing chamber diameter and mixing tube length affect the momentum transfer of 
the process by influencing the formation of a coherent abrasive slurry. The coherency of the 
abrasive slurry has a direct impact on the material removal rate. The chamber diameter and 
the water jet orifice size limit the size of the abrasive particles due to realistic operating 
conditions. The mixing tube dimensions also affect the momentum transfer by influencing 
the particle mixing efficiency and friction losses on the tube walls. Thus, optimum mixing 
nozzle dimensions exist. 
1.3 .4 Traverse Parameters 
The traverse parameters are used directly to apply the abrasive water jet to the cutting 
of a target material. Figure 1.6 illustrates the relationship between the traverse rate and the 
depth of cut. The greater the traverse rate, the fewer the number of particle impacts in a 
particular region, thus, the overall depth of cut is reduced. The effect of the number of passes 
on the depth of cut is given in Figure 1.7. There exists a maximum depth of cut achievable 
due to the effective stand-off distance which is generated due to the continuous material 
removal in the kerf. An optimum combination of traverse rate and number of passes exist for 
the most efficient material removal rate. Figure 1.8 illustrates the relationship between the 
stand-off distance and depth of cut. Increasing the stand-off distance is also associated with 
increasing the jet width. The depth of cut generally decreases with an increase in stand-off 
distance; however, the overall material removal rate may increase due to the increase in jet 
width. It should be recognized that jet spreading in the air is different from jet spreading 
confined inside the kerf walls. The depth of cut of the jet confined inside the kerf walls is 
9 
always greater due to the energy of the abras
ive water jet being confined to a more dense 
energy beam. In general, the most efficient wa
y to achieve a particular depth is using a single
 
pass at a lower traverse rate, while maintaining
 a minimal stand-off distance. 
Traverse Rate (u) 
Figure 1.6 
Traverse Rate Versus Depth of Cut. 
Number of Passes (N) 
Figure 1.7 
Number of Passes Versus Depth of Cut. 
Stand-Off Distance (X) 
Figure 1.8 Stand-Off Distance Versus Depth
 of Cut. 
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1. 4 Process Capabilities 
The abrasive water jet can cut materials whether they are hard or soft at high rates and 
in thick sections. Some of the materials that have been cut with the abrasive water jet and the 
maximum achievable depth are listed in Table 1.2. 
Concrete fine and coarse aggregate 12 in 
with .75-in. dia. rebars 12 in 
Rocks Granite 12 in. 
Basalt 12 in. across the bedding plates 
Marble 8 in. 
Fire bricks 1.5 in. 
Metals Stainless steels 5 in. 
Mild steel up to 4.5 in. 
Tool steel up to 3 in. 
Aluminum 6 in. in 7075-T5 
Titanium 2 in. plates, honeycomb and tubes 
Cast iron up to 3 in. 
Silicon up to 4.5 in 
Tungsten carbide 0.5 in. 
Bronze, lead, copper 4 in. 
Ceramics Alumina 1 in. 
Ceramic tiles 0.5 in. 
Alumina honeycomb 1 in. 
Advanced Kevlar-steel 2.5 in. armor plate 
Com12osites Fiberglass 2 in. 
Graphite 2 in. 
Glass Single layer 2 in. 
Multi-layers 25 layers of 1/16-in. thick plates 
Laminated glass 3 in. of glass and Lexan 
Aircraft windshield 1.5 in. sandwiched tempered glass 
Table 1.2 Process Capabilities. 
1.5 Process Summary 
The abrasive water jet process is a technique in which the particles are accelerated by a 
small diameter, high velocity water jet and directed at a target material. Each particle "chips" 
away at the material, with the resulting depth of cut obtained by the cumulation of thousands 
of particle impacts. The water jet alone is capable of cutting soft materials, but with the 
addition of the abrasive particles, the technology can be expanded to cut almost any material. 
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2. Particle Distribution in the Water Jet Stream 
2.1 Introduction 
Basic and applied research is essential for the development of abrasive water jet 
technology and for the continued growth of new applications. Recently, much effort has been 
concentrated in the study of the particle distribution, particularly that pertaining to the density 
of impact craters on a target material [5-8]. However, no empirical study has been made 
concerning the actual distribution of particle impacts for a small number of particles or the 
classification of the randomness of the particle impact distribution as a function of the mixing 
process. The difference in particle density and the particle distribution is graphically 
described in Figure 2.1. 
particle impact density 
target material 
distribution 
of particle 
impact craters 
traverse direction 
kerf path 
time step 
_l_ 
I 
Figure 2.1 Particle Density Versus Particle Distribution. 
:< 
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The intention of this project is to expand on existing particle distribution theories 
through factorial experiments and statistical analysis of the experimental data, in order t
o 
derive an appropriate model for the particle distribution in a small time step of the abrasiv
e 
slurry jet. The author feels that this is more representative of the actual particle distribution 
and the characterization of this distribution should provide further insight into the abrasiv
e 
,7 
water jet process. 
2. 2 Motivation for Research 
The motivation for investigating the distribution of abrasive particles in the water jet 
stream is to understand the mixing process between the particles and the high velocity wate
r 
jet. The principle role of the water jet is to accelerate the abrasive particles to high velocities 
since the primary cutting mechanism of the abrasive water jet process is the impact of the 
particles at the target material. The greater the velocity of the particles, the greater the amou
nt 
of material eroded by the particle impact. Thus, the cutting efficiency for the system i
s 
dominated by the momentum transfer efficiency of the abrasives and the high velocity jet 
stream. 
The abrasive particle acceleration in the mixing tube is a very complex process. It is 
thought that the acceleration occurs because of the hydrodynamic force acting on the particle
s 
which have been sucked into the water jet at the nozzle by negative pressure. For a more 
detailed analysis of the acceleration process see T. Isobe, et. al. [8]. A schematic of the 
simplified acceleration model is given in Figure 2.2. 
water jet 
deflection 
(acceleration) 
reflection 
(deceleration) 
high velocity 
particle for cutting 
deflection 
(acceleration) 
~ 
Figure 2.2 The Acceleration Mechanism in the Abrasive Water Jet. 
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The two dimensional representation of the particle distribution gives a me
asurable 
result for calculating the effectiveness of the particles in penetrating the 
high velocity jet 
stream by examining the resulting position of impact craters on a fixed targe
t. The more a 
particle penetrates the jet stream, the greater is its velocity and the closer the final particle 
spread will be on the target material. Thus, the characteristics of the distributio
n of the impact 
craters can be used to describe the effectiveness of the particle entr
ainment. The 
characterization process will be discussed in more detail in section 3 .5. 
Another motivating factor in understanding the particle distribution is that the r
esulting 
particle distribution model can be applied to the development of an effective s
imulation of the 
abrasive water jet material removal process. The actual cutting of target material occurs as a 
result of erosion, shearing, failure of the material under rapidly changing 
stress fields, or 
micro-machining effects [9]. However, as a simplified approximation, the cutting proce
ss 
can be modeled as the material removal by solid particle impacts. Much rese
arch which has 
been performed on the modeling of material erosion by particle impact can b
e found in [ 16-
20]. Therefore, the approximate depth of cut for abrasive water jet cutting can be established 
using an off-line simulation governed by the newly developed particle distribu
tion model and 
appropriate particle erosion models based on particle velocity, angle of particle
 impact, particle 
characteristics, abrasive water jet system parameters and material characteristics. 
2. 3 Literature Review 
Geskin, et. al. [5] have used three independent experimental techniques to characterize 
the distribution of particles in a jet stream. The first technique involves the use of high speed 
photography (10,000 frames/sec) with a copper vapor as the source of light. The film 
showed that the flow consisted of a jet surrounded by an array of droplets and particles. The 
jet was subjected to violent oscillations which eventually destroyed the continuity of the jet. 
In some cases, individual particles were observed to be randomly distributed in
 the jet. 
The second technique involves an examination of the erosion of a polished su
rface by 
an impinging jet. It assumed that the craters formed by active particles having sufficient 
energy to defonn a target material was a measure of particle distribution. The 
investigation of 
the topography of the erosion zone demonstrated random dimple concentratio
n and constant 
14 
mean density. Clusters of particles formed 
in the jet created clusters of dimples in the 
impingement zone. The density periodically c
hanged in the longitudinal direction due to the 
particle distribution in the jet; however, no zone of dimple co
ncentration was observed in the 
transversal cross-section. A combined exp
erimental and theoretical study of the kerf 
fonnation showed that the particle distribution 
to be uniform in density relative to the central 
part of the jet. This assumption was less accurate for the jet p
eriphery. 
The third procedure involves the assessment o
f the amount of the particles passing 
through a diamond washer in order to measur
e the ratio between this amount and the total 
amount of particles. Three sizes of was
hers were used to separate the flow. The
 
investigation of particles distribution through fl
ow separation showed that the time average of
 
particle density for different points on the jet cross-section is 
basically uniform. 
The main conclusions from this work are that 
the abrasive water jet becomes quickly 
unstable and the instabilities are strong eno
ugh to be observed in the form of severe 
oscillations and cluster formation and that 
particle distribution closely models that of 
uniformity but this assumption is less accurate
 for the periphery. Therefore, to characterize
 
the particle distribution, the assumption 
of a uniform distribution is only a basic 
approximation which does not account for t
he experimentally determined properties as 
mentioned above. 
Mazurkiewicz et. al. [7] and You Ming-qing et. al.
 [8] have also looked at the 
distribution of particle craters as a measure of
 particle density. You Ming-qing's work is an
 
improvement of the method used by Mazurkiew
icz to study the distribution of particle density 
and velocity by counting the impact craters.
 The work assumes that the distribution of
 
particles in the water jet is symmetric about the axis. Based
 on this assumption, the particle 
density is calculated by counting the number of i
mpact craters in a plane perpendicular to the 
central axis and also along a second plane pa
rallel to the central axis. The results of this 
investigation are that a smaller orifice diameter 
causes the abrasive to spread out more and that 
the average velocity of the abrasive is far belo
w the ideal value (50-60%) which shows that 
much improvement needs to be achieved in the 
performance of the nozzle. 
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2.4 Particle Distribution Development and Application 
Current research efforts have provided infonnation about the particle density of the 
abrasive water jet. However, the actual characterization of the particle distribution has not yet 
been developed for a representative model of the cross sectional distribution of the abrasive 
water jet. The experimental procedure for the particle dispersion study and the 
characterization of the particle distribution is described in section). This research should lead 
to better understanding of the mixing and dispersion processes and further enhance the 
understanding of the abrasive water jet system. In section 4, the distribution model is applied 
to the development of an off-line simulation. The simulation provides an insight into the 
abra~ive water jet material removal process and allows for off-line feasibility and optimization 
studies of the process for various applications. 
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3. Particle Distribution Characterization 
3.1 Experimental Design 
Several factors have been identified to be critical in the effecti
veness of abrasive water 
jet cutting. These parameters also play a significant role in particle entrainm
ent in the jet 
stream. In order to develop the dispersion model, it is necess
ary to understand the effects of 
the abrasive water jet parameters on particle distribution. The significant parame
ters and their 
respective ranges are given in Table 3.1. 
Hydraulic Parameters 
- supply pressure (30 to 415 MPa) 
- waterjet orifice diameter (0.127 to 0.635 mm) 
Abrasive Parameters 
- particle size ( mesh 150 to 16) 
- abrasive flow rate (0.50 to 30 g/s) 
- feed method (force feed or suction) 
- abrasive condition (dry or slurry) 
Mixing Nozzle Parameters 
- material 
(density, hardness, shape) 
garnet sand 
silica sand 
aluminum oxide 
silicon carbide 
copper slag 
glass beads 
steel grit 
- mixing chamber diameter (0.635 to 1.5 mm) 
- mixing tube length ( 40 to 90 mm) 
Traverse Parameters 
- traverse rate (0.2 to 25 mm/s) 
- number of passes (single or multiple) 
- stand-off distance (below 10 mm) 
- angle of cutting (typically 90 degrees) 
Table 3.1 Abrasive Water Jet Parameters. 
A full factorial with each factor at two levels would require 
213 (8192) experiments. 
However, not every parameter has an effect on the particle 
entrainment in the high velocity 
water jet stream. By adopting to the design of the experiment, the abrasive flow
 rate will not 
be an experimental parameter because a countable number of
 particles will be loaded into the 
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mixing chamber for each experimental run. Also
, the abrasive and mixing nozzle parameters 
of feed method, abrasive material, abrasive con
dition and mixing tube length could not be 
varied due to limitations with the available equi
pment. The traverse rate, number of passes 
and nozzle angle affect the depth of cut, but it is 
reasonable to assume that they do not have a 
direct influence on the particle entrainment. H
ence, the remaining variables were designed 
into a full 25 (32) factorial experiment. 
The calculated response of the experiments wi
ll be the distribution of a countable 
number of particles striking a polished piece of
 stainless steel over a given area (see Figure 
3.1 ). A detailed account of the analysis is discussed in sect
ion 3.5. 
random distribution of abrasive 
particle impacts 
polished stainless steel surface 
actual test 
sample 
----
--
----
---
Figure 3.1 Experimental Test Response. 
3. 2 Sample Preparation 
The mounts used to measure the particle impacts
 were from an one inch diameter 303 
stainless steel rod cut to one inch lengths. The 
surface to be impinged by the particles was 
polished to a one micron finish using a Vari/Pol
 auto-polisher in batches of six mounts. The 
use of the auto-polisher allowed for a certain
 degree of consistency in the finish. The 
selection of a mount was randomized in the e
xperiments in order to avoid any possible 
correlation between polishing batches and homog
eneousness of material due to fabrication. 
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3.3 Execution of Experiments 
Due to time limitations, the experimental runs could not be c
arried out in random 
order. Changing the nozzle and mixing tube diameter are both 
a relatively lengthy operation 
compared to the time required to change any of the other varia
bles. In order to compensate 
for this, the runs were divided into four blocks as illustr
ated in Table 3.2 and were 
-I" 
randomized accordingly. Using this approach required only
 one nozzle change and two 
mixing tube changes. However, the complete randomization pr
inciple has been violated, but 
the violation is not significant if the block effect is not statisticall
y significant. 
A, a - (high, low) j Blocks 
C, c - orifice diameter (0.381, 0.229 mm) 
D, d - mixing tube diameter (1.270, 1.016 mm) 
C, d C, D C, d C, D 
a, b,e a, b,e a, b,e a, b,e 
A, b, e A, b, e A, b, e A, b, e 
a, B, e a, B, e a, B, e a, B, e 
A,B,e A, B, e A, B, e A, B, e 
a, b, E a,b,E a,b,E a, b,E 
A, b, E A, b, E A, b, E A, b, E 
a, B, E a, B, E a, B, E a, B, E 
A,B,E A,B,E A,B,E A,B,E 
Table 3.2 Execution of Experiments. 
In the actual execution of the experiments, the water jet was allowed to come to
 its 
steady state operating condition before the particles were loaded
 into the mixing tube through 
the forced suction of the jet. This allows a reasonable degree of consistency in 
the actual 
mixing process due to the stability in flow conditions. The number
 of particles loaded into 
the mixing tube was controlled as closely as possible. Howeve
r, the slight inconsistency in 
the number of particles for each observation is insignificant du
e to the fragmentation of the 
particles in the mixing chamber. 
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3.4 Sample Analysis 
The information from the particle distributions for each sample was gathered through
 
the use of an ETEC autoscan scanning electron microscope and a Donsanto digital pla
nimeter. 
A constant magnification and walking distance were used for the SEM viewing 
of each 
sample in order to achieve consistent results. Pictures of actual samples are include
d in the 
appendix. The samples taken at the high pressure setting gave unrecordable 
particle 
distributions due to the fact of the hydrodynamic cutting of the water jet. The high pressure 
was able to remove considerable amount of material relative to the particles. 
Thus, a 
,, 
distinction could not be made for measurement of the particle impact crater locations. 
The x-y coordinates of the remaining 16 samples were measured through the use of a
 
Donsanto Micro-Plan II Image Analysis System. The distributions were then norma
lized in 
order to eliminate the effects of the parameters on jet spread and kerf width. Figure 3.2 is an 
example of the resulting normalized x-y plot. The x-y location data is used 
for the 
distribution analysis as explained in section 3.5. 
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Figure 3.2 Normalized X-Y Plot of Sample 1. 
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3. S Analysis of Data 
3 .5 .1 Introduction 
Since the particle impact locations could not be record
ed for the high pressure 
settings, the remainder of the analysis will consider the exp
eriments taken at the low pressure 
setting and the effects of particle size, mixing tube diameter
, orifice size and stand-off distance 
on particle dispersion. The two techniques used to charac
terize the particle distributions are 
spatial point statistics and particle dispersion measurement
s. These techniques are explained 
in sections 3.5.2 and 3.5.3, respectively. 
3 .5 .2 Spatial Point Statistics 
Over the past few decades, there has been a flurry of act
ivity in the theoretical and 
applied statistics for spatial point process [ 10-15]. One possible app
lication for spatial point 
statistics is the characterization of the particle dispersion o
f the abrasive water jet defined by 
the impact craters on the work piece. There are several su
bclasses of spatial processes which 
are potential candidates for models. The primary method 
for statistical inference for implicit 
models is simulation. In the remainder of this section, the
 general properties of spatial point 
processes required for modeling will be discussed. Sec
tion 3 .6 will apply the statistical 
models to the data in order to simulate the particle distributi
on. 
A spatial point process is any stochastic mechanism that 
generates a countable set of 
events xi in the plane. A process is said to be stationary if 
all probability statements about the 
process in any region A of the plane are invariant unde
r arbitrary translation of A, and 
I 
isotropic if the same invariance holds under rotation, i.e., n
o directional effects. The practical 
implication of stationarity is that replication with in a s
ingle set of data is available from 
different sub-regions of A. Isotropy simply implies that 
vector differences between events 
,.. ' / 
can be replaced by scaler distances to give a further element
 of built-in replication. Tlie spatial 
point process for crater locations is assumed to be station
ary and isotropic. Both of these 
assumptions are reasonable if the distribution is considere
d a three dimensional process and 
fluctuations in pressure and abrasive flow rate are neglected
. 
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The most commonly used properties to describe a station
ary and isotropic process are 
the first-order and second-order properties. The first
-order properties are given by the 
intensity A which is defined as 
A = E[number of events, i.e., craters, per unit area]. (3-1
) 
The second-order properties are given by the second r
educed moment function K(t), one 
definition of which is 
K(t) = E[number of additional events within distance x of an arbitrary e
vent]/A. 
(3-2) 
Both A and K(t) can be estimated rather easily from the data. Let n be 
the number of observed 
events in a region A, and let IAI be the area of the field o
f observation. Then the estimator for 
K(t) given by Ripley [14] is 
K(t) = n-2 I Al ~. . ~ w.-.1 T (u .. ), L.J 1 -j:. J LJ lJ ~ lj 
where Ix(u) is the indicator function defined by 
1 ' 
T (u.) = ~ IJ 0 
' 
if U.. < X. lJ 
if U- > X. IJ 
(3-3) 
(3-4) 
The term uij is defined as the distance between events i and j, and w
ij is defined as the 
proportion of the circumference of the circle centered 
at event i with radius uij which is 
contained within A. Equation (3-3) is an approximately unbiased es
timator for sufficiently 
small x because n/lAI is a slightly biased estimator for A
. The restriction on x is necessary 
because 1/wij -> 0 as x increases. In most applications, it is the local inter
actions between the 
events that are of interest so that the restriction of s
mall x, in fact, poses no problem. 
Fortunately, an explicit fonnula exists for wij when the field of observati
on is either circular 
or rectangular; see Diggle [15]. Figure 3.3 describes the edge effec
t on the calculation of wij· 
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Figure 3.3 Wij Definition. 
However, second-order properties do not uniquely define a process, and anoth
er 
description for the point process is in order. There are several candidates, but o
ne of the 
more natural descriptions is the distribution function G(y) defined by 
G(y) = Pr( distance from an arbitrary event to its nearest neighbor is at most y}. (3-5) 
Ripley [14] introduced the following unbiased estimator for G(y). For 1 < i < n, let Yi be the \ 
distance from each event to its nearest neighbor in A, and let di be the shortest dist
ance from 
each event to the boundary of A. Then the estimator for G(y) is given by 
-G(t) = #(yi < y, di> y)/#(di > y), (3-6) 
where#(·) is the counting function. 
The calculated particle distributions were evaluated using the above spatial statistic
al 
techniques for each sample. The overall values for K(t) and G(y) were averaged to give some 
overall understanding of the particle distributions. Figure 3.4 shows the plot of th
e average 
K(t) calculations for the test samples. In this figure, the y-axis is normalized by taking the 
square root of the term K(t) divided by pi. In the case of complete spatial randomness, the 
K(t) calculation will be approximately equal to t for t > 0. For the case of the measured 
particle distributions, for large values of t, the K(t) calculation approaches that of complete 
spatial randomness. Figure 3 .5 approximates the average G(y) calculation for the test 
samples. This plot supports the cumulative distribution function characteristics. 
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Figure 3.4 Average K(t) Approximation for Test Samples. 
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Figure 3.5 Average G(y) Approximation for Test Samples. 
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3. 5. 3 Particle Dispersion 
Another measure of the particle distribution is the overall dispersion of the impact 
craters. The dispersion was calculated by finding the geometric center of the normalized 
particle x-y locations and then calculating the average distance to each particle impact. Since 
this technique provides a more quantitative analysis of the particle dispersion, the parameter 
affects of the abrasive water jet process can be compared through the use of statistical 
analysis. Table 3.3 gives the experimental particle dispersion information for the analysis. 
The mean and variance of the dispersion data were calculated to be 0.399 and 0.516, 
respectively. 
Sample Abrasive Mixing Orifice Stand Off Dispersion 
# Size Tube Size Distance Measure Diameter 
1 1 1 0 1 .374 
2 0 0 0 1 .375 
3 1 0 0 1 .422 
4 1 1 0 0 .393 
5 0 0 1 1 .415 
6 1 0 0 0 .365 
7 1 0 1 0 .393 
8 0 1 0 1 .408 
9 0 1 1 1 .397 
10 1 1 1 1 .427 
11 0 1 1 0 .395 
12 0 0 1 0 .386 
13 0 0 0 0 .444 
14 0 1 0 0 .369 
15 1 1 1 0 .422 " 
16 1 0 1 1 .394 
" Table 3.3 Particle Dispersion Information. 
1 - high level, 0 - low level 
The statistical method used is the analysis of variance. The analysis of variance 
testing allows for the comparison of treatments and the their respective interactions in order to 
measure the significance of the corresponding effects on the measured observations. It 
should be noted that the dispersion measure was transformed by multiplying it by 1000 in 
order to facilitate the calculation. The transformation has no effect on the F-ratio. The results 
of the analysis of variance were inconclusive in identifying the parameters that have a 
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significant effect on the normalized particle distribution. It i
s understood that the parameters 
do effect the jet width and potential depth of cut of the abrasive water je
t by different 
magnitudes and some parameters are more critical in the
 particle entrainment process. 
However, no parameter was shown to be significant in this an
alysis of the particle dispersion. 
Source of Sum of Degrees of Mean F-ratio 
Variation Squares Freedom Square 
A 0.062 1 0.062 0.000
0 
C 5.062 1 5.062 0.0
048 
D 390.063 1 390.063 0.372
8 
E 126.562 1 126.562 0.121
0 
AC 540.562 1 540.562 0.51
66 
AD 451.563 1 451.563 0.43
16 
AE 115.563 1 115.563 0.1104 
CD 826.561 1 826.561 0.79
00 
CE 5.062 1 5.062 0.0
048 
DE 52.563 1 52.563 0.05
02 
Error 5231.688 5 1046.337 
Total 7745.437 15 
Table 3.4 Analysis of Variance. 
3. 6 Modeling of Particle Impact Locations 
To model the particle distribution, it is important to compare 
the summary description 
from the simulation with its empirical counterpart calculate
d from a set of data. As stated 
above, the choice of descriptive techniques will be a 99% con
fidence interval using K(t) and 
G(y) and comparison of particle dispersion calculations. This approach
 will be used to 
compare any candidate model with the set of data. 
The model that satisfies the above requirements and physi
cal interpretation of the 
process is that of complete spatial randomness. Figures
 3.6 and 3.7 show the spatial 
statistics K(t) and G(y) parameters. Hardcore models have been develope
d that satisfy the 
confidence bounds of the experimentally determined K(t) and G(y) functio
ns; however, the 
physical definition of the abrasive entrainment process is 
not satisfied by the hard core 
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processes. For more information, on hard core processes see [15]. The diversion from 
complete spatial randomness for small values oft may be accounted for by the limitations 
of 
calculating the particle dispersion in two dimensions. The particle impact·. overlaps are n
ot 
accounted for in the calculation of the x-y coordinate locations by the impact canters. Thus
, 
the close interaction of the particles is not measured in the experimental analysis. Eve
n 
without a reasonable physical explanation of this short coming in the simulation, Diggle [15] 
claims that this small variation from the confidence bounds still provides a reasonable fit f
or 
the data in question. 
,)The particle dispersion average radius for each simulation was also calculated during 
the model development. As detailed in section 3.5.3, the average experimental radius of 
dispersion was found to be 0.399. The radius of dispersion for 99 simulations of th
e 
complete spatially random process is nearly identical at 0.396. This similarity furth
er 
supports the selection of this model for the particle dispersion simulation. 
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Figure 3.6 K(t) Model Confidence Plot. 
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3. 7 Model Development Conclusions 
Therefore, due to the physical characteristics of the process and the descriptive 
parameters of K(t), G(y) and average dispersion radius calculations, the particle distribution 
characterized in the abrasive water jet may be approximated by using a complete spatially 
random model. None of the parameters investigated in this experiment were shown to have 
significant affect on the particle dispersion. Thus, a standard complete spatially random 
model can be applied for all simulations of the abra~ive water jet process. 
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4. Off-line Simulation 
4.1 Background 
Abrasive water jets are being used as the primary material removal process for many 
hard-to-machine materials. However, due to the random nature of the process, the depth of 
cut prediction is a difficult task and requires a major effort in the development of abrasive 
water jet machining. Accurate control of three dimensional machining would greatly improve 
the efficiency of the abrasive water jet workstation by allowing a controlled depth cavity as 
well as to optimize the operating parameters for through cutting applications. Thus, the 
development of an accurate depth of cut model for the abrasive water jet process would 
enhance the efficiency of the overall system and eventually lead to further applications in the 
manufacturing and construction industries. 
Much effort ha~ been made to understand the parameter effects on the abrasive water 
jet cutting process. Hashish [ 16, 17] has developed various analytical models to predict the 
depth of cuts of the water jet and abrasive water jet processes. Corcoran et al. [18] have 
developed a computer model to simulate the dynamic characteristics of the abrasive water jet 
cutting process ba<;ed on a three dimensional, time based model. The model developed in this 
research is similar to the later with improvements in the particle distribution, erosion models, 
calculation of jet parameters, approximation of particle impact angle and provides a certain 
amount of confidence for the depth of cut prediction. 
The off-line simulation is developed in the following sections. Section 4.2 deals with 
the development of the models of the abrasive water jet process necessary for the off-line 
simulation. Sections 4.2.1 and 4.2.2 establish the particle erosion theory used for the erosion 
wear models. Section 4.2.3 develops the background of the particle velocity calculation. 
Section 4.3 details the simulation program with an explanation of the function of the depth of 
cut matrix and the approximation of the angle of impingement in sections 4.3.1 and 4.3.2, 
respectively. A comparison of the depth of cut prediction obtained with the simulation and 
experimental results is presented in section 4.4. 
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4. 2 Development of the Material Removal Model 
Since an accurate particle distribution model has been developed 
in section 3, the 
material removal process of the abrasive water jet can be modeled for the erosion of mat
erial 
by the impact of single particles on the work piece. The results of sin
gle particle erosion tests 
provide an excellent basis for better understanding of the mechanism
 of the abrasive water jet 
material removal; since in nature, the abrasive water jet cutting mechanism is a disc
rete 
process of individual particles striking a target material. Due to the e
xistence of two modes of 
erosion, it is necessary to incorporate representative erosion models
 into the simulation for a 
realistic model of the material removal process. The models presen
ted by Finnie [19], Bitter 
[20] and Ha~hish [21] will be discussed in detail due to their physical simila
rity with the 
abrasive water jet process. The experimental work of Ruff and Weiderhorn [22] for a st
ream 
of solid particles striking a surf ace correlates well with that of s
ingle particles. Thus, a 
reasonable prediction of the depth of cut obtained by the abrasive 
water jet process can be 
determined by the superposition of material removal by single 
particles in an off-line 
simulation. 
4.2.1 Solid Particle Erosion Theory 
Through visualization of the abrasive water jet cutting process, two cutting modes 
have been identified: cutting and deformation wear [ 4]. Similar modes of wear 
exist in solid 
particle erosion. Cutting wear occurs when the particle strikes a surf
ace at an acute angle; the 
material will be subjected to shear over the portion of the particle that has penetration into
 the 
surface. Deformation wear is associated with the repeated blow
s suffered by the target 
material from particles at near normal angles of impact. The repea
ted blows will eventually 
cause cracking and spalling of the surface. Cutting wear is the dom
inant erosion mechanism 
for ductile materials while deformation wear is the dominant erosio
n mechanism for brittle 
materials. Figure 4.1 shows the influence of the angle of impi
ngement on the material 
removal process for both modes of wear. 
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Finnie [19] derives equations to describe the trajectory of a p
article of mass m striking 
a surface at an angle a and with a velocity V. 
In this analysis, it is assumed that the center o
f 
the particle with mass m translates in x and y
 coordinates while rotating at an angle e. Th
e 
particle is modeled as the cutting edge of a 
tool for the erosion of ductile materials. Th
e 
volume removal W can be found by integrating
 the equations of motion for the penetrating tip
 
of the particle over the period of penetration. 
cutting edge 
ductile material 
Figure 4.2 Finnie's Erosion Model. 
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The final result yields: 
2 
Wc1 = mV (sin (2a) -
6 
sin 2a), a < 0o. 
'fHVOf <1> (4-1) 
(4-2) 
Bitter [20] also makes a theoretical analysis of the erosion by solid particles in which 
the type of wear analyzed in Finnie' s work is classified as cutting wear. In addition, 
however, Bitter accounts for deformation wear, which corresponds to the erosion at normal 
angles of attack in ductile materials and which is not accounted for in Finnie' s analysis. Bitter 
derived the equation for deformation wear using an energy balance for collisions at large 
angles. The resulting equation for deformation wear and the equations for cutting wear 
derived by Bitter are given below. 
0 <a< 90°. 
2 m C {V sin a - Vc) 2 ( C {V sin a - Vc)2 ) 
W Cl = V cos a - p , 
Y V sin a Y V sin a 
1 [ 2 2 ( . ) 3/2 l 
2 m V cos a - K1 V sin a - V c Wa = ------------
P 
(4-3) 
(4-4) 
(4-5) 
(4-6) 
Bitter's work is exhaustive and extremely intricate, accounting for both elastic and plastic 
properties of the particle and specimen materials. 
More recently, Hashish [21] has developed an improved model of the erosion by solid 
particle impact to account for known deficiencies of the previously presented models. These 
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deficiencies for ductile metals include their inability to account for the following noted 
experimental parameter effects: 
Parameter 
velocity exponent 
particle shape 
particle density 
angle 
Model vs. Experimental 
2 vs. 2.5-3 
not accounted for 
not accounted for 
generally in good agreement 
The new model has a single material property to characterize the erosion resistance of a 
material over the entire range of angles of impact. The model also incorporates particle shape 
expressed by its sphericity and roundness numbers. This improved model is best suited for 
shallow angles of impact and is expressed as 
7 (V )2.5 8 v = 1t ~ ~ sin 2a V sin a, (4-7) 
In the above equation CK is defined as a modified characteristic velocity that combines the 
particle and material characteristics 
~= (4-8) 
4.2.2 Multiple Particle Impacts 
Ruff and Weiderhom [22] consider the effects of a stream of particles striking a 
surface. They suggest that many new, complex aspects are added to the basic problem due to 
the effects of a flux of particles incident on a surface for some length of time. These include 
particle impacts within the incident stream1 a wide range of simultaneous attack angles, 
particle fragmentation, surface shielding due to rebounding particles, and particle embedding 
effects among others. Trends in the W(a) curves for streams of particles show erosion peaks 
in ductile materials at an angle of approximately 20 degrees; brittle materials have a peak 
erosion angle of 90 degrees. Both of these properties are characteristic of the single particle 
erosion (see Figure 4.1). The velocity dependence of erosion was measured as proportional 
to v2 to V3. This characteristic also varies similarly with that of single particles. 
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Mazurkiewicz [23] draws the same conclusion through the work of Neilson and Gilchrist 
[24] that erosion by a stream of particles has the same characteristics of that of single 
particles. Therefore, the actual depth of cut calculation for the abrasive water jet process will 
be approximated through the superposition of the material removal by individual pa
rticles. 
To simulate the cutting process by individual particle impacts as realistically
 as 
possible, the distinct erosion characteristics of the modes of erosion represented in
 Figure 4.1 
should be incorporated into the simulation. Thus, the model presented by Bit
ter will be 
utilized to approximate the defonnation wear; the cutting wear will be approximat
ed by both 
Hashish's model for shallow angles of impact and Finnie's model for larger angles
 of attack. 
4.2.3 Particle Velocity 
Generally, the flow field of the water jet is steady, and the velocity of the fluid 
particles is only a function of its position [25]. Since the Reynolds number is high for water 
jet flow, one can assume that the flow field is inviscid, i.e., the velocity of the particle does 
not change due to radial position of the particle in the water jet. Thus, the velocity of the 
particle depends only on the pressure and distance from the material (stand-off distance and 
depth of cut). Since the pressure distribution inside the jet can be numerically approximated 
[26], one can use the Navier-Stokes equation to develop a numerical calculation for the 
individual particle velocity. 
The flow of any fluid can be described by the Navier-Stokes equation. 
-
-
DV 2-
P B - VP = p - - v V V Dt (4-9) 
Since the flow field for the abrasive water jet has a high Reynolds number, one can assume 
the flow field is inviscid. Thus, the last term in the Navier-Stokes equation is neg
lected and 
the equation is reduced to Euler's equation. 
-
-
DV pB - VP= p--Dt ( 4-10) 
By expanding the tenns in equation ( 4-10), the equation can then be simplified as 
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(v2J -g dh + ~ dP + d T = - 00~ dr + [(w dy - v dz)wx + (u dz-
w dx)wY + (v dx - u dy)w,] 
(4-11) 
This is a general equation which can be applied thro
ughout any inviscid flow field. For flow 
along a streamline (or irrotational flow), wx = wY = wz = 0. Th
is further simplifies Euler's 
equation by eliminating the coefficient of vorticity. 
This simplified form of Euler's equation 
is commonly known as Bernoulli's equation. 
1 ~v2) 8V -. g dh + - dP + - + - • dr = 0 
P 2 ot ( 4-12) 
It should be remembered that Bernoulli's equation as
sumes that 
• The flow is inviscid and unsteady. 
• The fluid is compressible. 
• Body forces are conservative 
If one also a~sumes the flow has reached a steady s
tate, Bernoulli's equation can be further 
simplified as 
(4-13) 
One can now solve this equation by integrating from
 the pressurized fluid inside the water jet 
nozzle to the flow field outside the nozzle. 
( 4-14) 
Due to the high pressure and velocity of the water jet, one can assu
me V 1 - 0 relative to V 2. 
One may also neglect the potential energy tenn. Hen
ce, 
(4-15) 
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If one assumes that water is incompressible, Bernoulli's e
quation can be further simplified as 
V2 _ 2
P 
2 - p (4-16) 
However, at the high operating pressures of the water 
jet systems, water can no longer be 
considered incompressible and must be accounted for
 in the integral [26]. Under high 
pressures, the compressibility of water affects the jet velocity. Orifice co
efficients also vary 
with changes in pressure, which in tum affects the wate
r flow rates. One can relate p and P 
using the following equation: 
_e_ = (1 + p le 
Po L 
(4-17) 
where c is the water compressibility constant and L
 is the compressibility pressure 
characteristic term. Thus, the equation for the velocity o
f the water jet can be represented by 
the corrected Bernoulli's equation as 
2 2 2L [(p ) l-c 1 V.=V2 = -+1 -1. J p0 (l-c) L ( 4-18) 
In equation ( 4-18), the jet velocity is dependent on the calculation of the 
pressure of 
the jet. However, the pressure for the water jet is a function of the stand-of
f distance between 
the water jet nozzle and the target material [27]. The effect of jet spread an
d velocity decay in 
the air on the resulting cutting action can be appr
oximated through the simplified 
representation of the jet spread as shown in Figure 4.3. The initial and m
ain region and the 
axial and radial pressure decay characteristics are summar
ized in Table 4.1. 
Similar to jet pressure, the jet width has been determined to be linear in the i
nitial 
region and proportional to the square root of the distance f
rom the nozzle exit in the main 
region. Thus, the jet width, w, in the main region can be approximated as 
W = 0.335 VdnX . (4-23) 
The width of cut is approximated as the width of the jet at the surface of the 
target material. 
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dn 
1 
X 
Figure 4.3 Jet Spread. 
initial 
. 
region 
mam 
region 
The parameter Xe, the length of the initial region, depends on parameters such as 
nozzle shape and pressure [27]. Typical published values for R = Xe/dn are 30-100 [28], 
100-140 [29] and 0-110 [30]. 
The effect of the mixing tube on jet width and the parameter Xe are uncertain at this 
time. Further research is necessary to fully understand their effects; however, a certain degree 
of confidence exists for the above approximations. 
Pressure Region Equation 
initial; X<Xe Pm= P1 ( 4-19) 
Axial 
X>Xe 
Pm Xe ( 4-20) mam; ---Pl X 
initial; 
Ye 
__R_ = (i -y ~/2 J2 yc=Y-- ( 4-21) 
Radial 
ix Pm 
y 
__R_ = (i _ y312 J2 (4-22) mam; y = bn Pm 
Table 4.1 Pressure Decay Prediction in High Pressure Jet Spread. 
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Once the velocity of the water jet is known, one can calculate the velocity of the 
abrasive particles. The relationship of the jet velocity to the particle velocity can be defined by 
using the following simplified momentum equation 
( 4-24) 
The abrasive particle velocity can ~ expressed in terms of the jet velocity by rearranging the 
terms in equation (4-24). 
v. 
V = ~ J 
1 + m/11\v (4-25) 
Because the mixing efficiency is a function of the jet pressure, velocity of the water 
jet, abrasive flow rate and other system parameters, there exists a lot of uncertainties in the 
calculation of the mixing efficiency. Swanson et. al. [31] have showed that the abrasive 
water jet is very inefficient through the use of a digital transient recorder in the measure of 
particle velocity between two fixed coils. Magnetic particles of the same size as the abrasive 
particles are mixed with the abrasive and accelerated in the same stream. The velocity of the 
magnetic particles is then calculated by measuring the transient time between two fixed coils 
spacing distance for individual particles. In the theoretical and experimental calculations of jet 
velocity, typical values for the ratio of the particle velocity to the jet velocity are 0.1 to 0. 7 
with a mean value of 0.2. 
Hashish [25] has also investigated the mixing efficiency of the abrasive water jet 
process. Using force measurements, the momentum transfer efficiency and an energy 
transfer efficiency are calculated. The J momentum transfer efficiency is calculated by 
measuring the reaction force of a plain wal.er jet without a mixing tube and dividing that by the 
force measurement of an abrasive water jet when abrasives are entrained. Using the 
information from the momentum transfer, Hashish then calculates the energy transfer based 
on the abrasive's kinetic power as the output of the energy transfer process. Typical values 
for both transfer efficiencies range from 0.70 to 0.95. 
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4. 3 Material Removal Simulation 
Off-line material removal simulation for the abrasive water jet process comprises of 
three components: 
• Process initialization. 
• Simulation. 
• Output of depth of cut prediction. 
The main section of the program is the simulation component; however, all t
hree play a role in 
the depth of cut prediction. The fortran program is constructed as follows a
nd according to 
Figure 4.4. 
The initialization establishes the operation parameters and properties of the
 abrasive 
particles and target material. The simulation parameters, the number 
of steps for the 
simulation (nmstep) and divisions for the kerf (fractn), are also initialized at this time. They 
establish the number of rows and columns for the depth of cut matrix. The ke
rf properties are 
then determined by the operation and simulation parameters. The kerl prop
erties consist of 
kerf width, step length, time length of step and the number of particles per tim
e step. 
The simulation component of the program consists of simulating the partic
le impacts 
on the target material. The number of particles simulated for each time step 
is detennined by 
the abrasive flow rate and the traverse rate of the process. The particle locati
on is detennined 
by the particle distribution model developed in section 3. Once the relative
 position on the 
kerf is established, the particle velocity and impact angle are approxima
ted. From this 
information, the volume of material eroded is calculated using the appro
priate model as 
described in section 4.2 and the depth of cut matrix is updated for each ind
ividual particle. 
The program continues until the final number of particles for each step and the
 total number of 
steps have simulated. 
Due to the simplicity of the simulation, the model neglects the following: 
• Fluctuations in supply pressure, abrasive flow rates and traverse rates. 
• Changes in the mixing tube diameter due to nozzle wear. 
• Non-uniformity of abrasive size and material properties. 
• Non-homogeniety of target material. 
• The hydrodynamic effects on the depth of cut. 
• Secondary erosion. 
The final component of the simulation is the output of the depth of cut predicti
on. The 
depth of cut matrix is analyzed to determine the average depth of cut approx
imation for each 
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time step that was completely traversed by the jet. The depth of cut prediction is the highest 
average value for the central cells of the depth of cut matrix. 
• Input Operating Conditions 
and Material Properties 
I 
• Input Simulation Parameters 
Number of Steps (nmstep) 
Division of Kerf (fractn) 
Initialize Depth of Cut Matrix 
I 
• Determine Kerf Properties 
Width of Water Jet 
Traverse Length of Step 
Time Length of Step 
Number of Particles per Step (nmpart) 
I 
Step Loop 
i = 0 to nmstep 
I 
Particle Loop 
j = 1 to nmpart 
I 
Simulate Particle Location 
Determine: 
Begin Main Program 
• Impact Postition on Depth of Cut Matrix 
• Particle Velocity 
• Impact Angle 
I 
• Calculate Material Eroded 
I 
• Update Depth of Cut Matrix 
• Output 
Depth of Cut Prediction 
Figure 4.4 Simulation Flow Chart. 
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4. 3 .1 Material Reference Matrix 
The calculation of the penetration of the abrasive water jet into the material and the 
angle of attack for the particle impacts is carried out by the use of a two dimensional matrix. 
The matrix represents the portion of the work piece over which the traversing jet will pass. 
The kerf width, which is determined by the pressure, nozzle diameter and stand-off distance 
of the jet, is divided into a predetermined number of sections. The greater the number of 
sections, the more realistic the depth of cut profiles are for the actual cut. For convenience, 
the step width is chosen so that for a given traverse rate and abrasive feed-rate, one column is 
indexed in one time interval comprising of a fixed number of particles determined by the 
system parameters. The material reference matrix is constantly updated for each individual 
particle impact in order to calculate the correct distance the particle travels beyond that of the 
stand-off distance before striking the work piece as well as for the calculation of the angle of 
impingement of each individual particle. 
w = kerf width 
step~--~ ~1 
L 1 
2 
.._.....___..__.___._ ___________ _ nmstep 
1 2 3 4 fractn 
Figure 4.5 Depth of Cut Matrix. 
nmstep = # steps, fractn = # kerf elements 
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4.3.2 Approximation of Angle of Impingement 
(a.) 
I. Abrasive Water Jet Cutting Process. 
(a.) total penetration (b.) partial penetration 
• • • 
• 
• 
• 
0 
• (b.) 0 • 
O 0 
0 o. 
II. Abrasive Water Jet Simulation of Material Removal. 
(a.) total penetration (b.) partial penetration 
• 0 0 
0 
0 
• • 
. -----
• 
(b.) 0 0 0 
0 (a.) 0 0 
•• 
• 0 
Approximation 
III. Approximation of the Angle of Impingement. 
Figure 4.6 Calculation of the Angle of Impingement for the Simulation. 
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The calculation of the correct angle of particle impingement is importan
t for the 
determination of the correct erosion model. "True" angles of impact wil
l be varying 
continuously over the period of erosion. Each particle impact angle is a
pproximated in order 
to make the model more flexible and realistic. The approximation of the
 impingement angle is 
show in Figure 4.6. Hence, the selection of the appropriate erosion mod
el is determined by 
the calculation of the angle of impingement. 
4.4 Validation of Simulation Model 
The simulation was compared with experimental data to determine th
e relationship 
between the simulated and actual depth of cuts. The correlation between
 material removal and 
variation in the process parameters was also examined as well as a detai
led examination of the 
simulation kerf generation. The findings are detailed below. 
Overall, the simulation agrees with the experimental results with
 a correlation 
coefficient of over 0.88 for aluminum and mild steel. Table 4.2 gives 
statistical detail on the 
effectiveness of the simulation where the correlation coefficie
nt is defined for the 
experimental/simulated depths of cut. Figure 4.7 also shows the co
rrelation between the 
experimental and simulated depths of cut. From this infonnation, it is 
fair to assume that the 
simulation depth of cut prediction is a reasonable approximation for 
the abrasive water jet 
process. Due to time limitations, only aluminum and mild steel were c
hosen for comparison 
in the depth of cut calculations; however, similar results are expected fo
r other materials. 
Observations 
26 
Mean 
0.882 
Standard 
Deviation 
0.204 
Range 
0.431 1.270 
min. max. 
Table 4.2 Statistical Results of Correlation Coefficients. 
The effect of the variation in the process parameters on the depth o
f cut was the 
second comparison for the validation of the simulation model. Due to 
the fact the simulation 
gives reasonable depth of cut predictions, the simulation also exhibits
 realistic relationships 
between the depth of cut predictions and changes in process param
eters. The various 
parameter relationships were detailed in Section 1.2. 
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Figure 4. 7 Simulated Versus Predicted Depths of Cut. 
The first parameters examined were the hydraulic parameters. The effect of pressure 
w 
on the depth of cut is approximately linear for the abrasive water jet process. This 
corresponds with the simulation data represented in Figure 4.8. Figure 4.8 also represents 
the effect of water jet size on, the depth of cut. Again, the simulated data agrees with the 
expected system response. 
Due to limitations in the simulation,the only abrasive parameters considered in the 
simulation are abrasive flow rate, material and size. Figure 4. 9 details the relationship 
between abrasive flow rate and depth of cut. The simulation has a linear response to 
increa~es in abra~ive flow rate while actual system response is linear for only small abrasive 
flow rates. This results from the decrease in mixing efficiency as the abrasive flow rate 
increases. However, the simulation incorporates a constant mixing efficiency; thus, an 
increase in abrasive flow rate directly corresponds to an increase in the number of particle 
impacts which result in an increase in the depth of cut. The abrasive size and material affected 
the simulation by increasing or decreasing the number of particles to simulate per step; thus, 
influencing the computation time. The roundness factor considered in equation 4-8, which is 
a function of material and size, had no significant affect on the depth of cut prediction. 
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.. 
Figure 4.8 Effect of Pressure and Water Jet Size on Depth of Cut (Aluminum). 
Gamet #60, u = 2.54 mm/s, ma = 15 g/s. 
25 
20 
5 
0 
5 10 15 20 25 30 35 
Abrasive Flow Rate (g/s) 
Figure 4.9 Effect of Abrasive Flow Rate on Depth of Cut (Mild Steel). 
P = 241 MPa, garnet #60, u = 2.5 mm/s, dn = .630 mm. 
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The traverse parameters considered in the simulation are stand-off distance and 
traverse rate. Figures 4.10 and 4.11 represent the simulation response to changes in these 
parameters, respectively. The traverse rate affects the number of particles simulated per time 
step while stand-off distance directly affects the particle velocity. The simulation responses 
reasonably agree with those expected from an actual abrasive water jet system. 
A detailed look at the depth of cut matrix provides an insight into the simulation and 
actual abrasive water jet material removal process. Figures 4.12 and 4.13 show variation in 
depth of cut predictions generated across rows and columns. For these simulations, the jet 
kerf is divided into ten sections (fractn=lO). In Figure 4.12, row 1 has the probability 
distribution and material removal calculation for the number of particles for one time step 
duration, row 2 has two time step durations, row 3 has three time step durations, etc., up to a 
maximum of ten time steps. After ten time steps, a steady state depth of cut generation 
occurs. Due to the circular nature of the water jet orifice and mixing tube, the distribution 
area for the particles is circular. Therefore, the probability of particle impact location is 
greatest in the center portion of the jet kerf due to the overlapping of jet steps which results in 
the greatest material removal taking place in the central portion of the kerf. The steady state 
phenomena is shown in Figure 4.13. The inconsistency in the depth of cut can be explained 
by definition of the randomness of the process. However, the production of a kerf with an 
irregular depth is inherent of the abrasive water jet non-through cutting process [l], which 
adds to the validity of the simulation calculations. 
46 
35 
30 
I 2s 
...._, 
+,j 8 20 
~ 
0 
'5 15 
~ 
0 
10 
5 
0 
0 20 40 60 80 100 
Stand Off Distance (mm) 
Figure 4.10 Effect of Stand-Off Distance on Depth of Cut (Aluminum). 
P = 241 MPa, ma= 10 g/s, garnet #60, u = 2.5 mm/s, d0 = .254 mm. 
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Figure 4.11 Effect of Traverse Rate on Depth of Cut (Mild Steel). 
P = 207 MPa, ma = 10 g/s, garnet #60, dn = .630 mm. 
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Figure 4.12 Kerf Depth Profile (Mild Steel). 
P = 241 MPa, ma= 30 g/s, garnet #60, u = 2.5 mm/s, dn = .630 mm. 
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Figure 4.13 Kerf Length Profile (Mild Steel). 
P = 241 MPa, ma= 30 g/s, garnet #60, u = 2.5 mm/s, dn = .630 mm. 
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4.5 Off-line Simulation Conclusions 
Through the application of fundamental solid particle erosion models and the 
development of particle velocity and angle of impingement approximations, an off-line 
simulation has been developed which provides a reasonable depth of cut approximation for 
the abrasive water jet cutting process. The simulation provides an insight into the abrasive 
water jet material removal process and allows for off-line feasibility and optimization studies 
of the process for various applications. Future enhancements of the model include: 
• Accounting for changes in process mixing efficiency. 
• Approximating secondary erosion impacts for particles. 
• Improvements in efficiency of program execution by limiting volume 
removal calculations to the central cells of the kerf. 
• Approximating distributions for particle mass and size factor characteristics. 
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5. Summary of Ref ts and Conclusions 
Previous research in the particle entrainment has concentrated on particle density
 
calculations. Particle density measurements are useful, but they do not fully desc
ribe the 
impact distribution for the process. This research is the first effort to actually characte
rize the 
distribution of particle impact craters on a target material. The particle distr
ibution 
characterization has led to better understanding of the mixing and dispersion proces
ses and 
further enhance the understanding of the abrasive water jet process by qualifying the 
dispersion of the particle in the jet stream as complete spatially random. The application of 
the distribution model to the development of an off-line simulation provides an insight
 into the 
abrasive water jet material removal process and allows for off-line feasibility and optimization 
studies of the process for various applications. By incorporating the cutting and defo
rmation 
wear modes through the approximation of each individual angle of impact at th
e target 
material, the simulation provides reasonable approximations for depth of cut measu
rements 
and also exhibits realistic relationships between the depth of cut predictions and cha
nges in 
process parameters. Accurate control of three dimensional machining will greatly imp
rove the 
efficiency of the abrasive water jet workstation by allowing for the production of a controlled 
depth cavity as well as in the optimization of operating parameters for through 
cutting 
applications. Thus, improvements in this simulation could lead to the developmen
t of an 
accurate depth of cut model which could eventually lead to further applications 
for the 
abrasive water jet process in the manufacturing and construction industries. 
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Appendix 
Notation for Pictures: 
• A,a - particle size (#60, #120 mesh) 
• B,b - pressure (270, 100 MPa) 
• C,c - orifice diameter (0.381,0.229 mm) 
• D,d - mixing tube diameter (1.270, 1.016 mm) 
• E,e - stand-off distance (5.0, 1.5 mm) 
Figure A.1 Sample 2: Parameter Levels a,b,c,d,E. 
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Figure A.2 Sample 5: Parameter Levels a,b,c,D,E. 
Figure A.3 Sample 6: Parameter Levels A,b,c,d,e. 
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Figure A.4 Sample 7: Parameter Levels A,b,c,D,e. 
Figure A.5 Sample 8: Parameter Levels a,B,c,d,E. 
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Figure A.6 Sample 13: Parameter Levels a,b,c,d,e. 
Figure A. 7 Sample 24: Example of Parameter Level A. 
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